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Abstract
We use a geometric approach to the lower algebraic K-theory of a finitely generated Fuchsian
group Γ and give explicit descriptions of K−1(ZΓ ), K0(ZΓ ), and K1(ZΓ ).  2002 Elsevier
Science B.V. All rights reserved.
AMS classification: 19A31; 19B28; 19D35
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1. Introduction
Let Γ be a non-elementary finitely generated Fuchsian group with basic signature
(g; ν1, . . . , νr ; s; t). The signature classifies Γ as containing r conjugacy classes of
maximal finite cyclic subgroups Cν1, . . . ,Cνr of order νi , s conjugacy classes of
maximal parabolic cyclic subgroups, and t conjugacy classes of maximal boundary
hyperbolic subgroups. If ∆ denotes the complex numbers of norm less than one with the
hyperbolic metric, then Γ acts naturally on this space isometrically via linear fractional
transformations. Moreover, let Ffin denote the family of finite subgroups of Γ . Then ∆ is
an Ffin-classifying space for this family. Based on these data and the results in [2,3], we
give an explicit description of the lower algebraic K-groups of the integral group ring ZΓ .
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The main tool we use is the homotopy colimit spectral sequence, which we show collapses
at the E2-term. Surprisingly, the calculation of the lower K-groups for finitely generated
Fuchsian groups is easier if either s or t is non-zero (compare to [3,11]).
Main Theorem. Let Γ be a non-elementary, finitely generated Fuchsian group with basic
signature (g; ν1, . . . , νr ; s; t). Then the lower algebraicK-theory of the integral group ring
ZΓ is given as follows:
Whn(Γ )∼=
⊕
i=1,...,r
Whn(Cνi ), for all n < 2.
Stated in terms of unreduced K-theory,
K1(ZΓ )∼=H1(Γ ;Z)⊕Z/2⊕
⊕
i=1,...,r
Wh(Cνi ),
K0(ZΓ )∼= Z⊕
( ⊕
i=1,...,r
K˜0(ZCνi )
)
,
K−1(ZΓ )∼=
⊕
i=1,...,r
K−1(ZCνi ), and
Kn(ZΓ )= 0, for n <−1.
2. Preliminaries
We recall in this section the machinery needed to understand our geometric approach
to the algebraic K-theory of the integral group ring ZΓ . Let F be a family of subgroups
of Γ , i.e., a collection closed under subgroups and conjugation by elements of Γ . We
concentrate on the families Ffin of finite subgroups, although we will also use the families
Fall, of all subgroups of Γ , and Fvc, of virtually cyclic subgroups of Γ . (A subgroup G is
virtually cyclic if it contains a cyclic subgroup of finite index, i.e., if it is finite or contains
a subgroup of finite index which is isomorphic to Z.) An alternative calculation is possible
using the family Fesp consisting of subgroups which are finite or maximal parabolic cyclic.
We include these details in a concluding remark.
Let O(Γ ) denote the orbit category of Γ , whose objects are the homogeneous spaces
Γ/H regarded as left Γ spaces with H ⊂ Γ , and whose morphisms are Γ -maps.
Furthermore, denote byO(Γ,F)⊂O(Γ ) the full subcategory consisting of objects Γ/H ,
where H ∈ F . Let K :O(Γ )→ Ω − SPECTRA be the algebraic K-theory functor of
Davis–Lück [7]. A key property of this functor is that πn(K(Γ /H))∼= Kn(ZH). In fact,
K(Γ /H) has the weak homotopy type of Gersten’s delooping spectrum K(ZH) [9]. Let
hocolimO(Γ,F)K be the homotopy colimit of the functor K over the categoryO(Γ,F) as
defined in [7]. The inclusion of families F ⊆F ′ induces a map
AF ,F ′ :πn
(
hocolim
O(Γ,F)
K
)
→ πn
(
hocolim
O(Γ,F ′)
K
)
,
known as an assembly map.
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Our calculations depend on being able to show that the Isomorphism Conjecture of
Farrell and Jones in [8] applies to finitely generated Fuchsian groups. We will need the
following result from [14].
Proposition 1. Let M and N be differentiable Riemannian manifolds of dimension > 1
with non-empty boundary, and let M1 = ∂M , N1 = ∂N . Suppose that M1 and N1 are
totally geodesic in M and N respectively. Let φ :M1 → N1 be an isometry and let V
be the topological space obtained by gluing M and N together on their boundaries via
the isometry φ that identifies M1 with N1. Then V has a unique differentiable structure
and Riemannian metric such that the natural inclusions i1 :M → V and i2 :N → V are
isometries between Riemannian manifolds.
We note that a local version of this proposition, applied one boundary component at a
time, is also true. We use this result to aid in the gluing of manifolds in the proof of the
following
Theorem 2. Let Γ be a finitely generated Fuchsian group. Then the Isomorphism Conjec-
ture holds for Γ , and
AFvc,Fall :πn
(
hocolim
O(Γ,Fvc)
K
)
→ πn
(
hocolim
O(Γ,Fall)
K
)
=Kn(ZΓ )
is an isomorphism for n < 2 and a surjection for n= 2.
Proof. We need to show that ∆/Γ can be modified to yield a finite volume compact
manifold. Then the rest of the proof follows in a similar manner as in [2, Section 3].
Let Π be a finite index torsion free subgroup of Γ . Then ∆/Π is a manifold with cusps.
There are two kinds of cusps, those whose ends are of finite volume, and those whose
ends are of infinite volume. Either way, the technique of proof is to take two copies of
∆/Π , alter the ends of all cusps and glue the two resulting manifolds together smoothly
and isometrically. The resulting manifold must have non-positive sectional curvature
everywhere.
For cusps whose ends are of infinite volume, we use a technique contained in [14,
pp. 198–200]. These cusps are topologically cylinders of finite circumference, but make
the resulting manifold incomplete. This can be remedied by adding a point on the boundary
of the cusps for each horocyclic curve that spirals down the cusp. The resulting cusp
ends are hyperbolic with totally geodesic boundary. Thus, in the doubling construction,
two copies of each cusp can be glued by Proposition 1 with M = N =∆/Π and φ = id
on the appropriate boundary components. The result will be a complete manifold with a
hyperbolic structure.
The case of cusps with finite volume ends is covered in detail in [2], as is the rest of
the argument needed to show that the Isomorphism Conjecture holds for Γ . We refer the
reader to that article for details. As a final note, in the case of Fuchsian groups, finite
volume cusps correspond to maximal parabolic elements, whereas infinite volume cusps
come from maximal boundary hyperbolic elements. ✷
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We can further reduce the problem from a computation involving the virtually cyclic
subgroups of Γ to one involving only the finite subgroups of Γ . We use the following
result contained in [8, Appendix].
Theorem 3 [8, cf. A.10]. Let F ⊆ F ′ be two families of subgroups of Γ . For each
Q ∈F ′\F , define the induced family of subgroupsFQ ofQ asFQ = {G∩Q |G ∈F}. The
assembly map AF ,F ′ is an isomorphism for j < n and is a surjection for j = n provided
the assembly map
AFQ,Fall(Q) :πj
(
hocolim
O(Q,FQ)
K
)
→Kj (ZQ)
is an isomorphism for all Q ∈F ′ −F and all j  n.
It is proven in [3] that the only infinite virtually cyclic groups contained in Fuchsian
groups are the infinite cyclic group Z and the infinite dihedral group D∞. This is used in
another result in the same article to show that Theorem 3 holds with F =Ffin, F ′ =Fvc,
and n= 2. Therefore:
Proposition 4. Let Γ be any cocompact Fuchsian group. Then
AFfin,Fvc :πn
(
hocolim
O(Γ,Ffin)
K
)
→ πn
(
hocolim
O(Γ,Fvc)
K
)
is an isomorphism for all n 1.
Proposition 4 with Theorem 2 together immediately imply the following
Corollary 5. Let Γ be a finitely generated non-elementary Fuchsian group. Then the
assembly map
AFfin,Fall :πn
(
hocolim
O(Γ,Ffin)
K
)
→Kn(ZΓ )
is an isomorphism for all n 1.
Our next step is to establish the machinery used to compute the left-hand side of the
assembly map in Corollary 5. The natural action of a finitely generated Fuchsian group on
∆ is discontinuous, hence has non-trivial isotropy if and only if the isotropy group is finite
and cyclic. Thus ∆ is an Ffin-classifying space for the family of finite subgroups of Γ .
Under this setup we have the following
Theorem 6 [13,4,7]. There exists an Atiyah–Hirzebruch type spectral sequence
E2p,q =Hp
(
∆/G; {Kq(ZGσ )})⇒ πp+q(hocolim
O(Γ,Ffin)
K
)
,
which we call the homotopy colimit spectral sequence (hcss). (See [5, p. 167] for notation.)
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3. Proof of the main result
We use the hcss to compute the homotopy groups in Corollary 5. All the information
needed to compute the E2-term is encoded in ∆/Γ and in the algebraic K-groups of the
finite subgroups of Γ .
It is known (see [1]) that the space ∆/Γ is a marked Riemann surface of genus g with r
points marked, s punctures, and t conformal discs removed. The r marks correspond to
points with finite isotropy from one of the maximal finite cyclic subgroups of Γ ; the s
punctures correspond to points at infinity with isotropy from a maximal parabolic cyclic
subgroup of Γ (these isotropy groups are all isomorphic to Z); and the t discs correspond to
classes of boundary hyperbolic elements. We assume that at least one of s or t is non-zero;
the case s = t = 0 can be found in [3,11].
The complex that gives the homology of ∆/Γ with local coefficients {Kq(ZGσ )} has
the form⊕
σ 2
Kq(ZGσ 2)→
⊕
σ 1
Kq(ZGσ 1)→
⊕
σ 0
Kq(ZGσ 0),
where σ i denotes chosen lifts of the cells in dimension i in a suitable cell decomposition of
∆/Γ . We may choose this cell decomposition by using a fundamental finite-sided polygon
for the action of Γ on∆ in such a way that the only non-trivial isotropy occurs in dimension
zero. Hence our complex simplifies to⊕
σ 2
Kq(Z)→
⊕
σ 1
Kq(Z)→
⊕
σ 0
Kq(ZGσ 0).
In positive dimensions the homology of this complex coincides with the homology of
the surface ∆/Γ with constant coefficients Kq(Z), whereas in dimension zero we have
{Kq(ZGσ )} as (twisted) coefficients. These homology groups are the data for the E2 term,
so we analyze this complex for each of the cases q <−1, q =−1,0,1.
q < −1. It is well known that K−1(Z) = 0, and Carter shows in [6] that Kq(ZG) = 0
when G is a finite group. Hence the whole complex consists of zero terms and E2p,q = 0
for q <−1.
q =−1. Again, K−1(Z)= 0. However, it is possible for K−1(ZG) = 0 (e.g., G= Z/6).
Hence the complex may have non-zero terms in dimension zero. The resulting homology
groups are
Hp
(
∆/Γ ; {K−1(ZGσ )})=

0 for p = 0,⊕
σ 0
K−1(ZGσ 0) for p = 0 and finite |Gσ 0 |.
q = 0. As K0(Z) = Z, the complex will now have non-zero terms when p = 1,2. For
p = 0 there will also be terms arising from 0-cells with non-trivial isotropy (K0(ZGσo)∼=
Z⊕ K˜0(ZGσo)). We get⊕
σ 2
Z→
⊕
σ 1
Z→
⊕
σ 0
(
Z⊕ K˜0(ZGσo)
)
.
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There are many models one can use to determine the number of cells in each
dimension. A good model without accidental cycles, for example, is the Fricke polygon
F constructed in [10], whose quotient F/Γ is homeomorphic to ∆/Γ . Working through
the identifications in [10], F/Γ contains a single 2-cell, 2g 1-cells from the surface of
genus g, r 1-cells for each of the r conjugacy classes of elements of maximal finite
order, s 1-cells from the maximal parabolic elements, and 2t 1-cells from the boundary
hyperbolic elements. Finally, F/Γ contains a 0-cell for each of the t boundary hyperbolic
elements, a 0-cell for each of the r conjugacy classes of elements of maximal finite order,
and one additional 0-cell for the surface of genus g. The maximal parabolic elements do
not contribute any 0-cells.
Now take Γ a Fuchsian group with signature (g; ν1, . . . , νr ; s; t). If we assume that
either s or t is non-zero, then F/Γ is homeomorphic to a punctured surface. It is then
straightforward that H2(F/Γ )= 0 and H1(F/Γ ) has rank 2g+ s + t − 1.
Returning to the sequence of homology groups with local coefficients, the boundary
map in dimension 1 comes from the inclusion of the trivial group into each non-trivial
stabilizer. This induces the trivial ring homomorphism Z→ ZGσ 0 . Therefore, the non-
trivial components of the K-theory of the maximal finite subgroups split off, and the
homology of the complex is
Hp
(
∆/Γ ; {K0(ZGσ )})=

0 for p  2,
Z
2g+s+t−1 for p = 1,
Z⊕
(⊕
σ 0
K˜0(ZGσ 0)
)
for p = 0.
q = 1. This time K1(Z)= Z/2, and again the boundary homomorphisms in our complex
are induced by inclusions of the trivial group into the various isotropy groups. Writing the
K1 groups out explicitly, our complex splits as
⊕
σ 2
Z/2→
⊕
σ 1
Z/2→
(⊕
t+1
Z/2
)
⊕
( ⊕
G
σ0 =Z
(
Z/2⊕Gσ 0 ⊕Wh(Gσo )
))
.
It follows that
Hp
(
∆/Γ ; {K1(ZGσ )})=

0 for p  2,
Z/22g+s+t−1 for p = 1,
Z/2⊕
⊕
G
σ0 =Z
(
Gσ 0 ⊕Wh(Gσo)
)
for p = 0.
Thus the spectral sequence collapses at E2, completing our computations of the
algebraic K-groups Kq(ZΓ ). As each Gσo is conjugate to a unique maximal finite cyclic
subgroup Cνi , we can express the result as follows:
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Theorem 7. Let Γ be a non-elementary, finitely generated Fuchsian group with basic
signature (g; ν1, . . . , νr ; s; t). Then the lower algebraic K-theory of the integral group
ring ZΓ is
Kq(ZΓ )=

Z/2⊕Z2g+s+t−1 ⊕
⊕
i=1,...,r
(
Cνi ⊕Wh(Cνi )
)
, for q = 1,
Z⊕
( ⊕
i=1,...,r
K˜0(ZCνi )
)
, for q = 0,⊕
i=1,...,r
K−1(ZCνi ), for q =−1,
0 for q <−1.
We need the following result in order to identify the Whitehead groups, representing the
non-trivial parts of Kq(ZΓ ).
Proposition 8. Let Γ be a Fuchsian group with signature (g; ν1, . . . , νr ; s; t). Then the
abelianization of Γ is
Γ ab = Z2g+s+t−1 ⊕
⊕
i=1,...,r
Cνi .
Proof. From [10], a presentation for Γ is〈
Ai,Bi,Cj ,Dk | Cνjj =Ds+t · · ·D1Cr · · ·C1
g∏
i=1
[Ai,Bi ] = 1
〉
. ✷
We can conclude
Main Theorem. Let Γ be a Fuchsian group as above. Then
Whn(Γ )∼=
⊕
i=1,...,r
Whn(Cνi ), for all n < 2.
Our construction shows that by choosing torsion classes of appropriate composite order,
we can construct group rings where K−1, the projective class group, and Whitehead group
do not vanish. In fact, Fuchsian groups are a very broad class of infinite groups, with most
signatures realizable. By picking torsion elements that are highly divisible or by selecting
r suitably large, we can exhibit Fuchsian groups whose lower algebraic K-groups contain
free abelian subgroups of arbitrarily high rank.
Remark 9. We have only considered non-elementary Fuchsian groups in our presentation.
In fact, the elementary Fuchsian groups are either cyclic or D∞ [1]. Therefore, the main
theorem applies to these cases too.
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4. Other approaches
We define a new family, Fesp, which contains the finite subgroups and parabolic
subgroups of Γ . We build an Fesp-classifying space from ∆ as follows. Given any
parabolic element g of Γ , the fixed point of g lies on the circle at infinity on the boundary
of ∆. Add the orbit of all such parabolic fixed points to ∆. The resulting space, ∆, agrees
with ∆ except that it contains points with infinite cyclic isotropy. Thus ∆ is an Fesp-
classifying space for this family and there is a corresponding homotopy colimit spectral
sequence. In the case when t > 0, this approach is identical to that given in the previous
section. When t = 0 however, ∆/Γ is compact and the results in [8] apply directly. As the
only infinite groups in Fesp are cyclic, Theorem 3 and Corollary 5 can be immediately
applied to obtain an assembly map isomorphism between πn(hocolimO(Γ,Fesp)K) and
Kn(ZΓ ) for n 1.
Proposition 10. The hcss with E2 term Hp(∆/Γ ; {Kq(ZGσ )}) and converging to
πp+q
(
hocolim
O(Γ,Fesp)
K
)
collapses at the E3 term. The only non-zero differential affecting p+ q  1 at the E2 term
is
d2 :H2
(
∆/Γ ; {K0(ZGσ )})→H0(∆/Γ ; {K1(ZGσ )}),
which hits a torsion free generator in the image.
Proof. The calculations precede as before, although now there is a torsion free class
in E22,0. Since we already know K1 of the group ring in question, a rank argument shows
that d2 must hit a generator in its image. ✷
Remark 11. It is interesting to compare the results in this article with those in [3], where
an alternate spectral sequence is used in the case s = t = 0 to calculate the lower algebraic
K-theory of the cocompact Fuchsian groups. Those results can be used to show that if the
hcss is used for the case s = t = 0, then d2 is non-zero and hits a torsion class.
Remark 12. Lück and Stamm also calculate the K- and L-theory of cocompact planar
groups in [11].
Remark 13. The proof of Theorem 2 can be used to show that any finitely generated
Fuchsian group with t > 0 can be embedded into a finitely generated Fuchsian group with
t = 0. If one applies the doubling construction solely to the cusps with infinite volume
ends, the resulting manifold has only finite volume cusps and is hyperbolic. Therefore,
its universal branched cover is ∆ which gives rise to a marked polygon. By Poincaré’s
theorem [1, Section 9.8] this corresponds to a Fuchsian group with t = 0 that contains the
original group. An outline of this result can also be found in [12, p. 314].
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